The adaptive perturbation method decomposes a Hamiltonian to a solvable part and a perturbation part. The solvable part contains all diagonal elements of the Fork state. We calculate the exact solutions of the spectrum in quantum mechanics by only using the solvable part. Then we do the exact diagonalization of the Hamiltonian to get the numerical solution of the spectrum. The comparison to the numerical solutions exhibits a quantitative comparison in the strongly coupled quantum mechanics when the energy level is high enough. The exact solution in a weakly coupled region is quite close to the numerical solution when the frequency does not vanish. Other cases also give a non-bad comparison. In the final, we use the powers of variables to discuss why the adaptive perturbation method works better than before.
Introduction
The spectrum of the black-body radiation does not have a precise matching from classical physics. Until people know that the energy of a light packet is the integer multiple of , the spectrum cannot have an interpretation. This first introduced the discrete energy levels in a physical system and established quantum mechanics for the atomic scale.
Because the spectrum is only solvable in a few systems, people use a perturbation method to study quantum physics in a weakly interacting system. The spectrum in a non-interacting theory is solvable and then do the weak-coupling perturbation. This is the standard procedure of the perturbation. A quantum system without any interaction can be classified by particle numbers (Fock state). Since the coupling constant is weak, the perturbed eigenstates can be expressed by the Fock state. Although the perturbation method is systematic, it is hard to apply the perturbation study to a strongly coupled system [1] . Even for the weak coupling expansion in zero-dimensional quantum field theory or λx 4 theory, the perturbation series is only asymptotically convergent.
To obtain complete information about a physical system, modifying the perturbation method is necessary.
The adaptive perturbation method is one improved way for studying a strong coupling regime from the perturbation [2] . This perturbation first separates a Hamiltonian into a solvable part and a perturbation part [2] . The solvable part has the usual noninteracting sector and also the diagonal elements of the Fock space from the interacting terms. One also introduced a variable without changing the commutation relation between the momentum and position operators [2] . This variable is determined by the minimized expectation value of the energy with the Fock state [2] . The solvable part can be different from the non-interacting sector in general. This is the main trick of this method. In the final, we apply the variable and the Fock state to the time-independent perturbation [2] . The central question that we would like to address in this letter is the following: Why the adaptive perturbation method is good?
In this letter, we obtain the exact solution in the solvable part and analyze the deviation of the spectrum between the solvable part and numerical solution with respect to different parameters because the unperturbed state plays the most important role of any perturbation method. Then we discuss why the perturbation series is convergent from the powers of variables.
Adaptive Perturbation Method in Bosonic Quantum Mechanics
We first demonstrate how to determine the leading-order term from the Hamiltonian
, where p and x are the momentum and position operators, and λ 1 and λ 2 are coupling constants. The p and x satisfy the usual commutation relation [p, x] = −i. Now we introduce the A † γ and A γ as that [2] :
The additional variable γ does not modify the commutation relation. Hence we need to fix the variable for choosing an unperturbed state. The operators acting on a quantum state gives that [2] : N γ |n γ = n γ |n γ and A γ |0 γ = 0, where
We first decompose the Hamiltonian to a solvable part and a perturbation part [2] . The solvable part has the additional terms from the diagonal elements of the Fock space of the interacting sector [2] . In other words, these additional terms in the solvable part of the Hamiltonian H 0 (γ) can be written in terms of the N γ , which is
The expectation value of the energy is
We still have an undetermined variable γ. To fix this variable, we choose the minimized expectation value of the energy to determine [2] . The minimized expectation value of the energy occurs when γ > 0 satisfies
Then we choose the minimized expectation value of the energy as the unperturbed spectrum. To know how close between the unperturbed spectrum and the eigenenergies, we compare the exact solution of the unperturbed spectrum to the numerical solution.
We use the naive discretization for the kinematic term p 2 ψ → −(ψ j+1 − 2ψ j + ψ j−1 )/a 2 , where ψ j is the eigenfunction for the lattice, and a is the lattice spacing. The lattice index is labeled by j = 1, 2, · · · , n, where n is the number of lattice points. We do the exact diagolization to obtain the eigenenergies. In the numerical solution, we choose the lattice size and the number of lattice points:
We first turn off the λ 2 . Then we observe that the E n (γ) min deviates the numerical result within one percent when n > 1 and λ 1 = 8 and 16 in Table. 1 and 2. We also observe that the deviation becomes larger when λ 1 = 0.25 and 0.5 in Table. 3 and 4. Then we turn on the λ 2 and also observe the same result in Table. 5, 6, 7, and 8. Hence we conclude that the difference between the E n (γ) min and the numerical solution is smaller when the coupling constant and the quantum number is larger. Table 4 : The comparison between the E n (γ) min and the numerical solutions for the λ 1 = 0.5.
Mass Term
Because we observed a larger deviation in the weak coupling region and small quantum number than a strongly coupled region with a high quantum number, we want to introduce a mass term to decrease the difference. When the mass term is introduced, the small quantum number and coupling constant should give a result close to the harmonic oscillator. Therefore, we expect that the non-vanishing mass term can give a better effect on the infrared regime. The Hamiltonian becomes H 2 = p 2 /2 + ω 2 x 2 /2 + λ 1 x 4 /6 + λ 2 x 6 /120, where ω is the frequency. We choose the unit mass in the H 2 . The expectation value of the energy is E n (γ) = γ(2n γ + 1)/4 + ω 2 (2n γ + 1)/(4γ) + λ 1 (n Table 6 : The comparison between the E n (γ) min and the numerical solutions for the λ 1 = 16 and λ 2 = 256.
We first turn off the λ 2 . Then we observe the smaller deviation (within one percent) between the E n (γ) min and the numerical solution in the λ 1 = 0.25 and 0.5 from Table. 9 and 10. The result of Table. 9, 10, 11, and 12 also exhibits that the deviation still remain small as before in the strong coupling regime with a large quantum number. We also observed the similar conclusion with the λ 2 = 0 in Table. Table 8 : The comparison between the E n (γ) min and the numerical solutions for the λ 1 = 0.25 and λ 2 = 8.
Time-Independent Perturbation
Now we use the time-independent perturbation of the H 1 with λ 2 = 0 to discuss why the adaptive perturbation method [2] is better than before. The eigenenergy calculated by the time-independent perturbation is
where E 0 n is the n-th unperturbed eigenenergy, |n (0) is the n-th unperturbed eigenstate, λ is the coupling constant. When we use the adaptive time-independent perturbation, the V is defined by
, and the E
n is defined by the E n (γ) min , 1 . This is not a bad result and gives the consistency to the spectrum because we can do the transformations, x → x/λ 1/6 1 and p → λ 1/6 1 p, to show that the H 1 or its spectrum must be proportional to λ 1/3 1 . In the final, we also find
k also contribute so when a quantum number is large enough. Hence no divergence comes from a summation of the quantum numbers. Indeed, it is also due to using the E n (γ) min because it includes information about the coupling constant. When we include the mass term in the standard time-independent perturbation, the unperturbed part is the harmonic oscillator. The unperturbed eigenenergy is proportional to a quantum number. Hence the divergence must appear when the quantum number becomes large. When we go to the higher-n E n (γ) min before from the explicit Hamiltonian H 1 with the λ 2 = 0. This example can be easily extended to other bosonic quantum mechanical systems. One interesting application of quantum mechanics is to observe whether the spectrum can have a universal rule when the phase transition occurs. This can teach us how to probe the problems of critical points in quantum chromodynamics (QCD). Now we only focus on checking the bosonic quantum mechanics, but the perturbation problem and theoretical formulation should be similar in bosonic quantum mechanics and quantum field theory. Extending our study to the bosonic quantum field theory should be the first step for studying QCD in a strongly coupled regime.
